ON THE VOLUME CONJECTURE FOR CABLES OF KNOTS 
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Abstract. We establish the volume conjecture for (m, 2)-cables of the figure 8 knot, 
when m is odd. For (m, 2)-cables of general knots where m is even, we show that the limit 
in the volume conjecture depends on the parity of the color (of the Kashaev invariant). 
There are many cases when the volume conjecture for cables of the figure 8 knot is false 
if one considers all the colors, but holds true if one restricts the colors to a subset of the 
set of positive integers. 



Introduction 

0. 1. The colored Jones polynomial and the Kashaev invariant of a link. Suppose 
K is framed oriented link with m ordered components in S 3 . To every m-tuple (m, . . . , n m ) 
of positive integers one can associate a Laurent polynomial Jx( n i, ■ ■ ■ , n m] <?) £ ^[q ,±1 ^ 4 ] ) 
called the colored Jones polynomial, with rij being the color of the j-component of K. The 
polynomial Jjf(ni, . . . , n m \ q) is the quantum link invariant, as defined by Reshetikhin and 
Turaev [RT[ ITuj , associated to the Lie algebra s/ 2 (C), with the color rij standing for the 
irreducible s/2(C)-module V n . of dimension rij. Here we use the functorial normalization, 

1. e. the one for which the colored Jones polynomial of the unknot colored by n is 

When all the colors are 2, the colored Jones polynomial is the usual Jones polynomial 
| Joj . The colored Jones polynomials of higher colors are more or less the usual Jones 
polynomials of cables of the link. 

Following [MM], we define the Kashaev invariant of a link K as the sequence (K)jf, 
iV = l,2,...,by 



_ J K (N,... : N;q) ] 

\J\)N ■— j^pj lg 1 /4 =exp ( 7r i/2AT)- 



0.2. The volume conjecture for knots and links. According to Thurston theory, by 
cutting the link complement S 3 \K along appropriate disjoint tori one gets a collection of 
pieces, each is either Seifert fibered or hyperbolic; and Vol(K) is defined as the sum of the 
hyperbolic volume of the hyperbolic pieces. It is known that Vol(K) = V3\\S 3 \K\\, where 
t>3 is the volume of the ideal regular tetrahedron, and \ \S 3 \ K\ \ is the Gromov norm. We 
can now formulate the volume conjecture of Kashaev-Murakami-Murakami \Ka\ IMM] : 
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Conjecture 1. Suppose K is a knot in S 3 , then 

lim loglWivl = Vol(*Q 
n^oo N 2n 

For a survey on the volume conjecture, sec [MuJ. Already in |MM] it was noted that 
the volume conjecture in the above form cannot be true for split links, since for split 
links the Kashaev invariant vanishes. There are a few cases of links (of more than one 
components) when the volume conjecture had been confirmed: in particular, the volume 
conjecture was established for the Borromean rings [GLJ, the Whitehead link [ZhJ, and 
more general, for Whitehead chains |Vej . 

When the Kashaev invariant vanishes, one might hope to remedy the conjecture by 
renormalizing the colored Jones polynomial. One of consequences of the present paper is 
that the normalization alone is not good enough, we have also to distinguish between the 
cases N even and A^ odd. 

0.3. Main results. For a knot K with framing 0, let K^ m ' p ^ be the (m,p)-cable of K, 
also with framing 0, see the precise definition in §TTJ Note that if m and p are co-prime, 
then K( m 'ri is again a knot. The two-component link is called the disconnected 

cable of K. Note that we always have Yo\(K (m ^) = Vol(K). 

In this paper we study the volume conjecture for cables of a knot K. It turns out that 
the case A" even and the case N odd are quite different. 

Theorem 1. Suppose that K is a knot and K^ ' 2 ^ the disconnected cable of K . Then 
(K( ' 2 ))n = for every even N. 

The case of odd A" is quite different, at least for the figure 8 knot: 

Theorem 2. Suppose E is the figure 8 knot and £( 0,2 ) its disconnected cable. Then the 
volume conjecture holds true for S^' 2 ^ if the colors are restricted to the set of odd numbers: 

logK^WI Vol(£(°< 2 )) 
hm = . 

N-^oo, N odd N 2lT 

Thus for figure 8 knot, the sequence of Kashaev invariant | (£^°' 2 ))jv| grows exponentially 
if A^ — >• oo and A^ odd. While if A^ is even, then | t°' 2 ) ) ^ | = (for any knot). 

However, when m ^ 0, i.e. when the two components of K^ m ' 2 ^ do have non-trivial 
linking number, the volume conjecture might still hold true even for even N. For example, 
we have the following result. 

Theorem 3. Suppose £ is the figure 8 knot and m = 2 (mod 4). Then the volume 
conjecture holds true for £( m ' 2 ) if the colors are restricted to the set of numbers divisible 
by 4: 

l 0g |/£(m,2)\ | Vol(£( m ' 2 )) 
hm = . 

Af^oo, N=0 (mod 4) N 271 

According to the survey |Muj . the volume conjecture has been so far established for the 
following knots: 

• 4i (by Ekholm), 

• 52,61,62 (by Y. Yokota), 

• torus knots (by Kashaev and Tirkkonen [KTj ). and 
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• Whitehead doubles of torus knots of type (2, b) (by Zheng [Zh] ) . 
We add to this the following result. 

Theorem 4. Suppose £ is the figure 8 knot. Then the volume conjecture holds true for 
the knot £( m > 2 ) for every odd number m. 

Actually, we will prove some generalizations of Theorems (THU 

Remark 1. We arrived at the theorems through the symmetry principle studied in 
\KM\ ILel] , although we will not use the symmetry here. One important tool in our proof is 
the Habiro expansion of the colored Jones polynomial [HaJ , which has been instrumental in 
integrality of the Witten-Reshetikhin-Turaev invariant of 3-manifolds (see |Hal IBL| ILe2j ) 
and in the proof of a generalization of the volume conjecture for small angles [GL] . 

2. The odd colors correspond to the representations of the group £0(3), or represen- 
tations of sli with highest weights in the root lattice. 

0.4. Plan of the paper. In Section [1] we exactly formulate the more general results that 
we want to prove. Sections [2] contains some elementary calculations involving the building 
blocks in the Habiro expansion. Sections [3] and H] contain the proof of the main theorems. 

0.5. Acknowledgements. We would like to thank R. van der Veen for his interest in 
this work and for correcting some typos in the manuscript of the paper. We also thank 
the referee for some suggestions. 

I. Cables, the colored Jones polynomial, and results 

1.1. Cables, the colored Jones polynomial. Suppose A' is a knot with framing and 
m, p are two integers with d their greatest common divisor. The (m, p)-cable K^ m ' p ' of A 
is the link consisting of d parallel copies of the (m/d,p/d)-cx\rve on the torus boundary of 
a tubular neighborhood of A. Here an (m/d,p/d) -curve is a curve that is homologically 
equal to m/d times the meridian and p/d times the longitude on the torus boundary. 
The cable K^ m,p > inherits an orientation from A, and we assume that each component of 

Jf(mj>) -^ as f ram i n g 0. 

The colored Jones polynomial is a special case of tangle invariants defined using rib- 
bon Hopf algebras and their modules |RTj. The ribbon Hopf algebra in our case is the 
quantized enveloping algebra Uhisfa), e.g. [Oh] . For each positive integer n, there is a 
unique irreducible LA^s^-module V n of rank n. In |Ohj our Jx(ni, . . . ,n m ; q) is denoted 
by Q 8l2 ' Vn i'-"' Vnm (K). 

The calculation of J K ( m ,2)(N; q) is standard: one decomposes Vjy <8> Vjq into irreducible 
components 

V N ®V N = ©j^Va-i- 

Since the A-matrix commutes with the actions of the quantized algebra, it acts on each 
component V21-1 as a scalar in times the identity. The value of \i\ is well-known: 



Hence from the theory of quantum invariants, we have 

N 

J K ^ ) {N-q)=Y,tf l JK{2l-l;q). 
1=1 
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The symmetry of quantum invariant at roots of unity |KM[ ILelj prompts us to combine 
the color N — j with N + j. So we rewrite the above formula as follows 

AT-1 

(1.1) J K(m , 2) (N;q) = a% £ t™ N J K (N + j;q), 

j=l-N,N—j+l even 

where 

tj>N = t N ~^ q^ 1 ari d a N = g^ 2 )/ 8 . 

1.2. General knot case and even to. Here we relate the Kashaev invariant of K^ m ' 2 ^ 
and the colored Jones polynomial of K m /2, which is the same knot K, only with framing 
to/2. Increasing the framing by 1 has the effect of multiplying the invariant by g^ 2-1 )/ 4 , 
hence 

J Kp (N;q) = qP E ^ 1 J K (N;q). 

Theorem 1.1. Suppose one of the following: 

(i) to = (mod 4) and N is even. 

(ii) m = 2 (mod 4) and N = 2 (mod 4). Then, with g 1 / 4 = exp(7ri/2N) , one has 

{K(m ,2 ))N = qm/2{q l/2 _ g -l/ 2) ^V g Jk ^ {2 . _ ^ g) 

i=i 

In particular, if m = and N is even, then {K^ 171 ' 2 ^)^ = 0. 

1.3. Figure 8 knot case. Let £ be the figure 8 knot. We will show that the volume 
conjecture for £( m > 2 ) holds true under some restrictions. 

For an integer to there are 4 possibilities, we list them here together with the definition 
of a set S m : 

(i) to is odd. Define S m = N, the set of positive integers. 

(ii) to = (mod 8). Define S m = {N e N, N = 1 (mod 2)}, the set of odd positive 
integers. 

(iii) to = 2 (mod 4). Define S m = {N e N, N ^ 2 (mod 4)}. 

(iv) to = 4 (mod 8). Define S m = 0. 

Theorem 1.2. Suppose £ is the figure 8 knot and to is in one of first three cases (i)-(iii) 
listed above. Then the volume conjecture for £( m > 2 ) holds true if the colors are restricted 
to the corresponding set S m , i.e. one has 

log|/£(m,2)\ I Vol(£( m ' 2 )) 

hm = . 

N-+oo,NeS m N 2n 



The proof of the theorem will be given in section HI Theorems [21 [31 and H] are parts of 
this theorem. We still don't have any conclusion for the case (iv). 

2. Some elementary calculations 

2.1. Notations and conventions. We will work with the variable g 1//4 . Let v = q 1 ! 2 . 
We will use the following notations. Here j, k, I, N are integers. 

{./}: '' j - [j] := S(k,l):= S'(kJ) := {j}. 

k<j<l k<j<l, j£{0,N} 
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k) := {j - k}{ 3 + k}, Jj'a, := ^ JJ a,, and t j>N := i N ~ l ~ j . 

iei iei jei\{i} 

For /, g and h in Z[v ±1 ], the equation f = g (mod /i) means that / — g is divisible by /i. 

2.2. The building blocks A(N, k) and 5(A;, /). The expressions A(N, k) and S(k, I) will 
be the building blocks in the Habiro expansion. We will prove here a few simple facts. 

Lemma 2.1. One has 

A(N-j,k) = A(N + j,k) + 2{2j}{N}{N - 1}/{1} (mod {N} 2 ) in Z^ 1 ], 
{iV-j} = -{N + j} + {N}(v j + v~ j ), 

t™, N = q N + ^-q N {N} + q N (v N + l) 2 Q, where Q e Q^ 1 ]. 

Proof. The second equality follows directly from definition. For the first one, by noting 
that {—j} = ~{j} and A(j, k) = q j + q~ j — q k — q~ k we have 

A(N-j,k)-A(N + j,k) = ~{2j}{2N} 

= -{2j}{N}(v N + v- N )(v-v- l )/{l} 
= -{2j}{N}[{N}(v + tT 1 ) - 2{N - !}]/{!} 
2{2j}{N}{N - 1}/{1} (mod{iV} 2 ). 

To prove the last one, we note that for a positive integer k there is a polynomial P(a), 
whose coefficients depend on k only, such that 1 — a k = k(l — a) + (1 — a) 2 P(a). Hence 
if mj > then 

t™, N -t™ N = -q N [i-(-v- N r\ 

= -q N [{i + v~ N ) m] + {i + v- N ) 2 p{v- 1 )] 

= -^[^""(i + «") 2 - W) + (i + tr^W" 1 )] 
= ^ ^ {iV} + ^ + 1)2h! T + v " 2Arp ^ 1 )]> 

which asserts the third equality. Otherwise, i.e. if mj < 0, we have 

l -j,N~ l j,N — ~ l j,Nl L ~ \~ V ) J 

= -q N [-{l+v N )mj + {l + v N ) 2 P{v)} 

= -^[-^""(l + v N f + W) + (1 + /) 2 PM] 

= ^fqAm + q^v" - + i) 2 [^>v- N -p(v)}. 

This completes the proof of the lemma. □ 

Lemma 2.2. Suppose v N = —I, then 

i i 

tjA N + 3\ (n a ( n + * + - n ^ - * ^ 

(2.i) ^ ^ ^ = /), 
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where 

D(j,l) = V + v-') ((l[A(3,k)) + 2{jy J] 'A(j,k))+^-{j}l[A(j,k). 

\ k=l l<k<l J k=l 

Proof. From lemma 12.11 we have 
i i 
l[A{N-j,k) = ]J[A(N + j,k) + 2{2j}{N}{N -1}/{1}] (mod {N} 2 ) 



k=l k=l 

1 



= ]jA(N + j,k) + 
k=i 

+ 2{2j}{N}{N- 1}/{1} J] 'A(N + j,k) (mod {N} 2 ). 



l<k<l 

This, together with the last two equalities in lemma [27TI implies that when v = — 1 the 
left hand side of (12.11) is equal to 



-y q N {N + A(N + j, k)) + q N (v> + «"i)(JJ A(N + j, k)) 

k=l k=l 

2{2j}{N - 1}/{1} 'A(N + j,k)q N {N + j} 



Kk<l 



Hence (I2TTD follows from the facts that A(N + j, k) = A(j, k) and {N + j} = -{j} if 
v N = -l.' □ 

Lemma 2.3. One has D(j, I) = Di(j, I) + D 2 (j, I), where 

(m + vj+v_i + 2{2j} 5(j _ /; J + l)f ifl < min(j - N _ Jh 

ifl>min(j,N-j), 



and 



23'U-lJ + l) ifj<KN-j, 
D 2 (j.l) { -25" (j + I) ifN-j<l<j, 

z/ / < min(j, N — j) or I > max(j, N — j). 

Proof. This can be checked easily by direct calculations. □ 

Lemma 2.4. For j < Z < iV — j , the sign of S'(j — + I) is (— l) 3 '. For N — j < I < j , 
the sign of S'(j -l,j + I) is {-l) N ~i . 

Proof. If j < I < N - j then the sign of 5"(j - l,j + I) is = . For 

N — j < I < j , the proof is similar. □ 

Lemma 2.5. Suppose v = — 1. For 1 < j < iV — 1 and < I < N — 1 one has 

mN 

(2.2) F>(iV - j, I) + D(j, I) = —S(j — + 
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Proof. Let 

B(j, I) = (v* + „-') ( (Q A(j, k)) + 2{j} 2 J] 'A(j, k) 

\ k=l l<k<l 

Then by definition, D(j, I) = B{j, + & {j} ni=i A ti> k )- lt is eas y to see that if v " = -1 
then B(N - 3, I) + B(j, I) = and 

l i 

{N - j} A(N - j, k) = {j} A(j, k) = S(j -l^j + l). 

k=l k=l 

It implies that (12.21) holds true. □ 

3. Proof of Theorem 11.11 

3.1. Habiro expansion. By a deep result of Habiro [HaJ, there are Laurent polynomials 
Ck(1] q) £ 2[g 1 ], depending on the knot K, such that 

N-l I 

J K (N; q) = [N] £ C K (l; q) A(N, k). 

1=0 k=l 

From now on let g 1//4 = exp(7ri/2iV). Then v N = —1. Using Equation (12.11) . we have for 
< j < N - 1 

KMH + r^MH-r.,) = "£ Ck((; q) t] , N D( . iy 

Hence Equation ( 11. ip implies that 
(3.1) 

JV-1 / N-l 1-f-lW \ 

<^ {m ' 2) > v = a™ Yl C K {1; q)(( £ ^0', 0) + *3>I>(0, • 

1=0 \ j=l,AT-j+l even / 

3.2. Proof of Theorem 11.11 We assume that m, N satisfy the conditions of Theorem 
11.11 i.e. m = (mod 4) and N is even; or m = 2 (mod 4) and N = 2 (mod 4). 

The symmetry [KM} ILelj hints that we should combine j and N — j. Since iV is even, 
both j and N — j are odd, so they both appear in the sum (13.11) . Hence we rewrite the 
expression in the big parenthesis in right hand side of Equation (13. ip as follows 



N/2-1 



' 1 _ _1 W 

q N D(j,l)+Q_ j>N D(N-j,l)) + t-J— t ™ 2tN D(N/2,l). 

3=l,j odd 

Under the assumption in the theorem on m and N, we can easily check that t™_A N = t™ N . 
Therefore it follows from Equation ( 12. 2p that (K^" 1 ' 2 ^)^ is equal to Xlzl-o 1 Ck{1] q) times 

( E S(j-/,j + Z)) + LJ_ t ™ /2>JV !^5(JV/2-i I JV/2 + 0. 

j=l,j odd 

Now, by noting that a% = g m (3-4Af 2 )/8 = q 3m/s and 

tN- 3 ,N = q N = d mj2/8 , S(j -l,j + l)= S(N -j-l, N -j + I), 
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we obtain 

N-l AT-1 

1=0 3=1,3 odd 

AT N ~ 1 2 

= E ^{i}Jk^q) 

j=l j odd 

i=l,j odd 

where i^ m /2 is if with framing m/2. This proves theorem 11.11 

4. Proof of theorem 11.21 
Let S := exp(7ri/4). We will write tj for tj t N- Then, with g 1//4 = exp(iii/2N) one has 

= 5 3N - 2 / 2/8 - 

For the figure 8 knot S, we know that Cg(l,q) = 1, see [HaJ. From Equation (13. ip we 
have 

\ _ /"V^ \ mi 2 / 



N 1=0 j=l,N-j+l even Z=0 j=N/2,N-j+l even 

(4.1) + U_^D( O ,0. 

2=0 

4.1. The case j < AT/2. We now consider the first sum in the right hand side of Equation 
(gH) . By lemma [231 

[ A(J, = (f + + 2{2j} ELi - U + Z ) if / < J 

= | D 2 (j, I) = 2S'(j -1,3 + 1) if j < I < N - j 

[O if l>N-j 

We will consider two subcases when D(j, I) ^ 0: j < I < N — j and j < I. 



4.1.1. The subcase j < I < N — j . By lemma l2~4"t the sign of S'(j — l,j + I) is (— 1) J 
Note that {k} = 2isin^, hence S'{j -l,j + l) = {-l) N - l E{j,l), where 



EU/) = (n2sin^)(n2sin^). 

r=l r=l 

We will see that E(j,l) is maximized when j = and Z = 5N/Q. Moreover, we have the 
following result. 

Proposition 4.1. There exists a nonzero number C such that for any a G (|, |), we have 

N/2-1 N-j 

E5 mjV ^U0 = (-1)^^(0, ^-)N(l + 0(N 3a - 2 )). 

j=l,N—j+l even l=j 
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Proof. By setting 

n 

s n = -^log|2sin^|, 

3=1 

we have log E(j, I) = — si_j — si + j. Consider the Lobachevsky function 

L(x) := — / log |2 sin u\du. 



By a standard argument, see e.g. |GLl IZhj . s n = —L(jt) + O(logiV). Hence 

logEU ,l) = -^L(^) - ^(<i±^) +0 (.ogiV) = */(f ,£) + O 0o gJ V), 

where /(x, = —L{—x + y) — L(x + y) for n > y > x > and 7r > x + 

It is easy to show that the function / attains its maximum at the unique point (x, y) 
(0, ^r) . Moreover, the Taylor expansion of / around (0, ^) is 

f(h, -7T + k) = /(0, ^) - V3(h 2 + k 2 ) + 0(\h\ 3 + \k\ 3 )- 
o o 



By the same argument as in the proof of theorem 1.2 in [Zh] . there exists e > such that 

J < log 25(0, f ) - eiV 2 - 1 + 0(1) if j 2 + f ) 2 > iV 2 «, 

° g U ' j j = l O g£(0, ^f) - ^% 2 + (I - f ) 2 ] + 0(iV 3Q - 2 ) otherwise 



Let 



5/V 

Ii = {(j,/):l<J<A r /2,iV-J + leven,j</<iV-jandj 2 + (/-— ) 2 >iV 2a }, 

o 

5 AT 

/ 2 = {(j,/):l<J<iV/2,iV-j + leven,j</<iV-jandj 2 + (/-— ) 2 < N 2a }. 

o 

Then we have 

E( - l)= / £(°> f ) exp(-eiV 2a - 1 )0(l) if (j, I) G h, 

U ' J U(0,f )exp(-^% 2 + (Z-f ) 2 ])(l + 0(iV 3 - 2 )) if(j,/)G/ 2 . 



It implies that 



q mi2/S E(j,l) = E(0, ^)iy2exp(-eiV 2a - 1 )0(l), 



(j',0e/i 

and E O -, 0e / 2 ^ 2/8 ^^0 



£ exp(^)E(0, ^) exp(-^ b 2 + (Z - ^) 2 ])(1 + 0(N^ 2 )) 

',jJ)t--h 



T / exp(^x 2 - tt^x 2 + y 2 ))dxdyE(0, ^)(1 + 0(iV 3 "- 2 )) 

^ / exp(™x 2 -7rv / 3(x 2 + 2/ 2 ))^ J E;(0,— )(l + 0(iV 3a - 2 )). 
4 J R 2 4 6 
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Hence 



N/2-1 N-j 

J2 £? mi2/8 ^ao = 2(-i)^ 

j=l,N —j+1 even l=j 



q mf/S E(j,l)+ Q mj2/8 E(j,l) 



'-lf^CEiO, —)N(1 + 0{N 3a ~ 2 )), 
6 



where 



C — — j exp( — — x 2 — ttV3(x 2 + y 2 ))dxdy . 
2 Jr2 4 



We can easily check that C is a nonzero number. This completes the proof the proposition 

an □ 

From now on, we fix the number a G (|, |). 

4.1.2. The subcase I < j . By lemma [2T4| the sign of S(j — l,j + I) is JP~ l ~ l = 
Hence we get S(j — l,j + 1) = i(—l) l F(j, I), where 

F(j,/) = (n2sin^)/('n 2sin^) 

r=l r=l 

for < / < j < N/2. Note that log F(j, I) = Sy-j-i — s l+ j and roughly speaking, in this 
case F(J, I) attains its maximum at j = N/2 and / = N/3. We claim that 

Proposition 4.2. One has 

N/2-1 

(4.2) E 1 mf/8D ^ = N 3a F(-, -)0(1). 

j=l,N—j+l even l<j 

Proof. Let 

h = {(j,/):l<J<iV/2,iV-j + leven,/<jand(j-^) 2 + (/-y) 2 >iV 2a }, 

h = {(jJ):l<J<N/2,N-j + levenJ< ja nd(j-^) 2 + (l-j) 2 <N 2a }. 
By the same argument as in the proof of the previous proposition, we have 



F(f , f ) exp(-eiV 2 «- 1 )0(l) if (j, I) e J Sj 



<*Xf,f) if aOeA. 

To prove the proposition, we need the following three lemmas: 
Lemma 4.3. One has 



{j} fZ^ A (j,k) t 
iV 5 F(^,|)exp(- e iV 2 «- 1 )0(l). 
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Proof. It suffices to show that if (j, I) G I3 then 

Indeed, since sinx > \x for x G [0, |], we have 

v j + v~ j cos(j'7r/iV) 71 N N 
' {j} ' ~ ' sin(jvr/iV) 1 " 2 'j^ " y 
Note that k < I < j — 1, hence 

1-40, A:) I = \{j-k}{j + k}\ =4sm u ; sm ; >4sm-sm v 



JV N ~ N N 

It implies that 

{2J},/ sin^ 



< 



^UA;) 1 " 2sinf sin ' 



If j > 4 then sin ^ J"^ 71 " > sin ^? > 0, therefore 



A^A;) 1 - 2sin^ " 4 



If j < f then 



N 



m , < 1 < ^ 



~ 2 sin 2 n 



N 

Hence ( j4.3[) holds true and then the claim of the lemma is proved. 
Lemma 4.4. One has 

= iV 3 «F(|,|)0(l). 
Proo/. Since (j - f ) 2 + (Z - f ) 2 < N 2a , we have 

< vj+v ~ j > oot§ = i;-§|o(i) = j\r- 1 o(i), 



and 



1 {j} 1 iV '2 iV 



■AO - ,*) 1 " l A(j,iy 2 sin ^ sin fiMJl 



which proves the equality of the lemma. 
Lemma 4.5. One /ias 
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Proof. Denote by L the left hand side of the equality. We first see that L is essentially 
equal to the following expression 

L ' = \ E q mf/8 [s(j-i,j + i) + su-i-i,j + i + i)}. 

0,1)6/4 

Note that for (j, /) G J 4 , we have ^(j - Z, j + /) + S(j - I - 1, j + 1 + 1) = 
= <S(j-/,j + /)[l-4sm — sin — ] 

= S(j -IJ + I) [(2 + 2 cos ^) - (1 + 2 cos {2l+ N 1)71 )] 

This implies that L' = A r3Q ~ 1 F(y, y)O(l). Hence to complete the proof of the lemma, 
we need to estimate the difference between L and U . 

Let J = { j : (j, I) G J4 for some I}. For each j G J, let Jj = {/ : (j, Z) G I4}. We have 

(4.4) U - L = I £ g ^ a /8 £ 5(j _ j _ 1, J + / + i) _ 5(j _ ij + j). 

ieJ leJj 

For each j in J, it is easy to see that the set J 3 is just a closed interval [a 31 b 3 \. Hence 

^SV-l-lJ + l + l)- S(j — l,j + l) = S(j - b 3 - 1, j + b 3 + 1) - S(j - aj,j + a 3 ) 
leJj 

has absolute value less than or equal to 2F(y,y). Equation (14.41) then implies that 
\U — L\ < A^ Q 2F(y, y). Since a < 3a — 1, the conclusion of the lemma follows. □ 

We now come back to the proof of proposition 14.21 It is easy to see that lemmas 14.41 
and 14.51 imply 



Hence, by combining this with lemma H~3l we obtain the equality of the proposition. □ 

We can now estimate the first sum in the right hand side of Equation (14. ip . To do 
that, we need one more lemma which allows us to express the right hand side of Equation 
(14.21) . and hence the sum in its left hand side, in terms of E(0, *y). 

Lemma 4.6. One has 

F( ™ ) = I B (0,«V(1). 
v 2 ' 3 ; iV v '6 ;v; 

Proof. The follows from the fact that Uk=i( 2 sin ^) = N. □ 
From proposition 14.21 and lemma I4.6[ we have 

Y,q mjV * D ^ 1 ) = ^£(0,^)0(1). 

j=l,N—j+l even l<j 
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This, together with proposition 14. 1[ implies that 

N-l N/2-1 

( 4 - 5 ) E E Q mj2/8D ti, = (-1)^^(0, —)N(1 + 0(N 3 ^ 2 )). 

1=0 j=l,N—j+l even 

4.2. The case j > N/2. Again, by lemma [2731 we have 

[ D x (j, I) = (f + + 2{2j} EL =1 4sy) S(j — l,j + I) iil<N-j 

D ^ I) = < D 2 (j, I) = -2S'(j -IJ + l) if N - j < I < j 

(O if l>j 

In this case all the estimations we have done in section 14.11 also work for the second sum 
in the right hand side of Equation (14.11) except two things. The first one is that for 
iV — j < I < j, by lemma [2741 the sign of S'(j — l,j + I) is (— 1) 5 = —1 and the other is 

q mf/s = g ^-j) 2 /8 e xp(7rim(2j - iV)/4), 

where 



exp(7rim(2j - N)/A) 



(3 = exp(7iim(N + 2)/4), if N - j + 1 = (mod 4), 
7 = exp(7rim(iV-2)/4), if iV - j + 1 = 2 (mod 4). 

Therefore by similar arguments as in the proof of Equation (I4.5p . we get 

N ~ x N - 1 i z N 

( 4 - 6 ) E E r f/S D( 3l l) = -<J3 + i)CE(0, —)N(1 + 0(N^~ 2 )). 

1=0 j=N/2,N-j+l even 

4.3. Proof of theorem 11.21 From Equations (14. 5ft and (14.61) . we have 

( 4 - 7 ) E E Q mi2/S D{j,l) = ^+l+2(-lf- 1 )CE(0,— )N(l + 0(N 3a - 2 )). 

1=0 j=l,N-j+l even 

Moreover, it is easy to see that 
(4.8) ^D(0,l) = N"E(0,— )0(1). 

Therefore, to complete the proof of theorem II. 2[ we need the following lemma 

Lemma 4.7. VKe /jave /3 + 7 + 2(— l)^ -1 = if and only if one of the following holds: 

(i) m = (mod 4) and iV is even. 

(ii) m = 2 (mod 4) and N = 2 (mod 4). 

(iii) m = 4 (mod 8) and iV is odd. 

Moreover, + 7 + 2(-l) A ^ 1 ^ i/ien |/3 + 7 + 2(-l) Ar ~ 1 | > 2. 

Proo/. Suppose that /3+7+2(-l) Ar " 1 = 0. If N is even then /3+7 = 2. Since \(3\ = \j\ = 1, 
it implies that (3 = 7 = 1 which means that m = (mod 4); or m = 2 (mod 4) and N = 2 
(mod 4). If iV is odd then similarly, we have /3 = 7 = — 1, which is equivalent to the 
condition that m = 4 (mod 8). 

Note that if m is odd then /3+7 = 0, hence \(3 + r y + 2(—l) N ~ 1 \ = 2. Now let us consider 
the case m is even. Then (3 = 7 and /5 + 7 + 2(— l) 7 ^ 1 = 2(/3 + (— l) 7 ^ 1 ), so it is remaining 
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to show that |/3 + (-I)* -1 ! > 1. Since (3 = if( N +V e {±1, ±i} and p + (-l)*" 1 ^ 0, it 

and (— l)^ -1 is less than c 

\Af-li2 ^ I a\2 , 1/ i \jV-l|2 



implies that the angle between (3 and (— 1)^ 1 is less than or equal to |. Hence 



I/? + (-i) JV ~r > w + l(-ir~T = 2, 

which completes the proof of the lemma. □ 

Under the assumption of theorem 11.21 by lemma W77\ |/3 + 7 + 2(— > 2. Hence 
from Equations (14.71) and (14. 8 h we get 



-((3 + 7 + 2(-iy-')CE(0, —)N(1 + 0(N^- 2 )), 



§(3N-2)m a rn 3 V ^ ' V ' ' V ' 6 

which, together with the simple fact that 

log E(0, 5^) = -— L&) + O(logiV) = — + O(logiV), 

O 7T O 7T O 

confirms the volume conjecture for £( m > 2 ); 

2. hm lQg|(g(m ' 2))jv| = 4L(*) = Vol(^- 2 )). 
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